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We undertake a comprehensive study of submanifolds of low Chen-type (1, 2, or 3) in
non-ﬂat real space forms, immersed into a suitable (pseudo) Euclidean space of symmetric
matrices by projection operators. Some previous results for submanifolds of the unit sphere
(obtained in [A. Ros, Eigenvalue inequalities for minimal submanifolds and P-manifolds,
Math. Z. 187 (1984) 393–404; M. Barros, B.Y. Chen, Spherical submanifolds which are of 2-
type via the second standard immersion of the sphere, Nagoya Math. J. 108 (1987) 77–91;
I. Dimitric´, Spherical hypersurfaces with low type quadric representation, Tokyo J. Math.
13 (1990) 469–492; J.T. Lu, Hypersurfaces of a sphere with 3-type quadric representation,
Kodai Math. J. 17 (1994) 290–298]) are generalized and extended to real projective and
hyperbolic spaces as well as to the sphere. In particular, we give a characterization of 2-
type submanifolds of these space forms with parallel mean curvature vector. We classify
2-type hypersurfaces in these spaces and give two sets of necessary conditions for a
minimal hypersurface to be of 3-type and for a hypersurface with constant mean curvature
to be mass-symmetric and of 3-type. These conditions are then used to classify such
hypersurfaces of dimension n  5. For example, the complete minimal hypersurfaces of
the unit sphere Sn+1 which are of 3-type via the immersion by projectors are exactly
the 3-dimensional Cartan minimal hypersurface SO(3)/(Z2 × Z2) and the Clifford minimal
hypersurfaces Mk,n−k for n = 2k. An interesting characterization of horospheres in RHn+1
is also obtained.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
The ordinary sphere Sm and the real hyperbolic space RHm are the only m-dimensional complete, connected, and simply-
connected Riemannian manifolds of constant nonzero sectional curvature, i.e. they are the simply connected non-ﬂat real
space forms. The spherical space forms (constant positive curvature) have been classiﬁed by J. Wolf [28]. Those of even
dimension are of two kinds only – the sphere Sm and the real projective space RPm , whereas in odd dimensions more
varied examples appear, including e.g. the lens spaces. The complete classiﬁcation of the hyperbolic space forms (constant
negative curvature) is still not known. In this paper we focus on the sphere Sm and the real projective and hyperbolic
spaces RPm and RHm since they allow nice immersions into a (pseudo) Euclidean space by projection operators. We will
use the symbol RQ m to denote jointly either of the last two space forms. Since most of the following can be done in a
uniform fashion we handle all three cases simultaneously. It will be assumed that the sectional curvature c is normalized
to be 1 and −1 for the spherical and hyperbolic space forms respectively. We ﬁrst recall the construction of an appropriate
equivariant immersion Φ of these spaces into a (pseudo) Euclidean space of certain matrices by projection operators. In this
E-mail address: ivko@psu.edu.0926-2245/$ – see front matter © 2009 Elsevier B.V. All rights reserved.
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space.
On the other hand, a submanifold x : Mn → EN(K ) of Euclidean or pseudo-Euclidean space is said to be of ﬁnite type in
EN
(K ) if the position vector x can be decomposed into a ﬁnite sum of vector eigenfunctions of the Laplacian M on M , viz.
x = x0 + x1 + · · · + xk, (1)
where x0 = const, xi = const, and xi = λi xi , i = 1, . . . ,k, with λi ∈ R. If all eigenvalues λi are different, the submanifold is
said to be of Chen k-type or simply of k-type [7,9]. For a compact submanifold, x0 = 1vol (M)
∫
M xdV is the center of mass.
This decomposition is unique except in one case, namely when M is non-compact and one of the eigenvalues of a non-
constant eigenfunction xi , i  1, is zero. In that case x0 is not uniquely determined and can be any ﬁxed vector. We then
say that a submanifold is of null k-type. If a ﬁnite type submanifold M is contained in a central hyperquadric we say that
the immersion is mass-symmetric in that hyperquadric if the immersion vector x allows a decomposition (1) in which x0
coincides with the center of the hyperquadric.
The notion of a k-type submanifold is a natural generalization of the notion of a minimal submanifold of a sphere or
the ambient Euclidean space (which are of 1-type by a well-known result of Takahashi). This notion can be extended to
submanifolds x : Mn → M¯ of a general manifold M¯ as long as there is a “nice” embedding (or immersion) Φ : M¯ → EN(K ) of
the ambient manifold M¯ into a suitable (pseudo) Euclidean space, in which case Mn is said to be of k-type (via Φ) if the
composite immersion x˜ = Φ ◦ x is of k-type. By agreement, the indices within parentheses appear only in relation to the
hyperbolic case and an indeﬁnite metric of the ambient space.
The study of submanifolds of the unit sphere Sm whose position vector in the ambient space Em+1 is of ﬁnite type has
been a fruitful area of research [7,9], and there are also investigations on low-type submanifolds of RHm in Em+11 , e.g. [8].
The ﬁrst paper to treat low-type submanifold in sphere via the second standard immersion Φ of the sphere into the space
of symmetric matrices by projection operators is a paper by Ros [21]. This was extended to the study of submanifolds of
complex projective space, naturally embedded into an appropriate set of Hermitian matrices [20,22]. For later developments
of the idea of Ros (including submanifolds of other symmetric spaces) see also [1,2,12–16,27].
Our paper is devoted to the study of submanifolds of RQ m and sphere which are of low-type via the immersion Φ by
projectors. More speciﬁcally, we show that the only 1-type submanifolds of RQ m are the totally geodesic ones (Theorem 1).
We extend the results of Ros [21], Barros–Chen [1] and the author [12] on 2-type submanifolds of sphere to other space
forms, as well as to the unit sphere. For example, we give a characterization of 2-type submanifolds with parallel mean
curvature vector in these spaces in terms of the Ricci tensor and properties of the shape operators (Theorem 3). We classify
2-type hypersurfaces of RQ m (Theorem 4) and characterize horospheres by a simple condition on the Laplacian acting
on the mean curvature (Theorem 5). We also give some necessary conditions for minimal hypersurfaces as well as for
mass-symmetric hypersurfaces with constant mean curvature to be of Chen 3-type. The classiﬁcation of these kinds of 3-
type hypersurfaces is carried out for dimensions n  5, save for those hypersurfaces of RHn+1 which satisfy (tr A)2 = 4
(Theorems 6 and 7).
2. The standard immersions of RQ m by projection operators
In the vector space Rm+1 we consider the metric g(x, y) = cx0 y0 +∑mk=1 xk yk , where x = (xk), y = (yk) ∈ Rm+1, c = ±1.
Deﬁne the hyperquadric Qm by
Qm = {x = (x0, x1, . . . , xm) ∈ Rm+1 ∣∣ g(x, x) = c}.
When c = 1, the ambient space becomes the Euclidean space Em+1 and Qm is just the unit sphere Sm centered at the
origin. When c = −1, the ambient space is the Lorentz–Minkowski space Em+11 and the hyperquadric Qm = Hm (which is
not connected) consists of two copies of the hyperbolic space. The metric g is Z2-invariant, where Z2 = {±I}. The quotient
space (pseudo-Riemannian submersion) deﬁnes the real projective space as RPm = Sm/Z2 and the real hyperbolic space
as RHm = Hm/Z2. Equivalently, the projective space can be also deﬁned as the set of all lines through the origin of Em+1,
equipped with a suitable differentiable structure and metric, and the hyperbolic space is the set of time-like lines in Em+11
through the origin, i.e. those lines on which g is negative-deﬁnite. We deﬁne the embedding Φ of RQ m into a suitable
(pseudo) Euclidean space by identifying a line L = [x], g(x, x) = c (a time-like line in the hyperbolic case), with the operator
of the orthogonal projection PL with respect to g onto that line. We get the embedding L → PL of RQ m given by
PL(v) = cg(x, v)x = Mv,
where v ∈ Rm+1 and M is the matrix
M =
⎛
⎜⎝
x20 cx0x1 . . . cx0xm
x1x0 cx21 . . . cx1xm· · · · · · · · · · · ·
2
⎞
⎟⎠ . (2)xmx0 cxmx1 . . . cxm
I. Dimitric´ / Differential Geometry and its Applications 27 (2009) 507–526 509P is a self-adjoint operator i.e. P∗ = P , where P∗ = Pt in the projective case and P∗ = GPtG , in the hyperbolic case,
with G = diag(−1, Im). Let S(1)(m + 1) be the set of g-symmetric matrices, i.e. S(1)(m + 1) = {A ∈ Mm+1(R)|A∗ = A}. This
space is a linear subspace of the matrix space Mm+1(R) of dimension N = (m + 1)(m + 2)/2. Equipped with the trace
metric 〈A, B〉 = c2 tr(AB) it becomes a (pseudo) Euclidean space EN(K ) , where N =
(m+2
2
)
. When c = −1, the trace metric is
indeﬁnite, of index K = (m+12 )+ 1.
The image of RQ m under this embedding is
Φ
(
RQ m
)= {P ∈ Mm+1 ∣∣ P∗ = P , P2 = P , tr P = 1}
and it lies fully in the hyperplane {tr P = 1} as a space-like submanifold (with a time-like normal bundle in the hyperbolic
space). This embedding of RPm , together with similarly constructed embeddings of other compact rank-one symmetric
spaces are precisely the embeddings considered by Tai [26]. The image Φ(RQ m) is a minimal submanifold of the hyper-
quadric CN−1I/(m+1) of EN(K ) deﬁned by the equation〈
A − I
m + 1 , A −
I
m + 1
〉
= cm
2(m + 1) , A ∈ S
(1)(m + 1), (3)
centered at Im+1 , where I is the identity matrix of order m + 1. In the projective case it is the ordinary sphere of radius√
m
2(m+1) . We recall that if x : Mn → RQ m is an isometric immersion then x˜ := Φ ◦ x is mass-symmetric in the hyperquadric
CN−1I/(m+1) when x˜0 = I/(m + 1).
A similar immersion Φr deﬁned by the matrix (2) can be constructed for a space form Qm(r) of radius r, deﬁned by
Qm(r) = {x ∈ Em+1
(1) | g(x, x) = cr2}. If we rescale the metric in S(1)(m + 1) to be 〈A, B〉 = c2r2 tr(AB), then Φr is an isometric
immersion which immerses Qm(r) as a minimal submanifold of a hyperquadric of S(1)(m + 1) centered at r2 Im+1 . Then forQm(r) we have
x = cm
r2
x, and 
(
Φr − r
2 I
m + 1
)
= 2c(m + 1)
r2
(
Φr − r
2 I
m + 1
)
. (4)
In particular, the immersion Φr of Qm(r) is of 1-type.
We shall identify RQ m with its image under the embedding Φ . The tangent space and the normal space of Φ(RQ m) at
a point (projector) P are known (see [16,21]).
In particular, for P = Φ([x]), x ∈ Em+1(1) , we have (cf. [21])
T⊥P
(
RQ m
)= {B ∈ S(1)(m + 1) ∣∣ Bx = λx, for someλ ∈ R}. (5)
Further, the second fundamental form σ and the shape operator A¯ of the embedding Φ are given as follows
σ(X, Y ) = (XY + Y X)(I − 2P ), (6)
where X, Y are tangent to RQ m . It can be checked that ∇¯σ = 0, i.e. the second fundamental form of Φ is parallel and that〈
σ(X, Y ), I
〉= 0, 〈σ(X, Y ), P 〉= −〈X, Y 〉. (7)
Further〈
σ(X, Y ),σ (V ,W )
〉= c[2〈X, Y 〉〈V ,W 〉 + 〈X, V 〉〈Y ,W 〉 + 〈X,W 〉〈Y , V 〉], (8)
from where
A¯σ(X,Y )V = c
[
2〈X, Y 〉V + 〈X, V 〉Y + 〈Y , V 〉X]. (9)
These formulas were ﬁrst obtained by Ros for the second standard immersion of sphere in [21] and analogous formulas for
complex space forms in [16,20]. It is easily checked that one orthonormal basis of the normal bundle of Φ(RQ m) at P is
formed by the following vectors{√
2P ,
1√
2
[
σ(ei, ei) + 2cP
]
, σ (ei, e j)
}
, where 1 i, j m, i < j. (10)
Thus (see [12,13]),
I = (m + 1)P + c
2
m∑
t=1
σ(et, et). (11)
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Let ∇¯, A¯, D¯ , denote respectively the Levi-Civita connection, the Weingarten endomorphism, and the metric connection in
the normal bundle, related to RQ m and the embedding Φ . Let the same letters without bar denote the respective objects
for a submanifold M and the immersion x into RQ m , whereas the same symbols with tilde will denote the corresponding
objects related to the composite immersion x˜ = Φ ◦ x of M into the (pseudo) Euclidean space S(1)(m + 1). As usual, we
use σ for the second fundamental form of RQ m in EN
(K ) via Φ and the symbol h for the second fundamental form of a
submanifold in RQ m . By Γ (V) we denote the set of all (local) smooth sections of a vector bundle V . An orthonormal basis
of the tangent space T pM at a general point will be denoted by {ei}, i = 1,2, . . . ,n, and a basis of the normal space T⊥p M
of M in RQ m will be represented by {er}, r = n + 1, . . . ,m. In general, indices i, j will range from 1 to n and indices r, s
from n + 1 to m. The tangent vector ﬁelds to M are usually denoted by letters X , Y , etc., and vectors normal to M in RQ m
by ξ , η. For a normal basis vector er the Weingarten map Aer is abbreviated to Ar . The mean curvature vector H is deﬁned
by H := 1n
∑
i h(ei, ei) = 1n
∑
r(tr Ar)er , and the squared norm of the second fundamental form by
‖h‖2 :=
∑
i, j
〈
h(ei, e j),h(ei, e j)
〉=∑
r
tr A2r . (12)
For a tangent frame {ei} on M , we denote the dual frame of 1-forms by {ωi}, i = 1, . . . ,n. The connection 1-forms ω ji are
then deﬁned by ω ji (X) = 〈∇Xei, e j〉. If ξ is a nonzero vector normal to a submanifold Mn and {er}, r = n + 1, . . . ,m an
orthonormal basis of T⊥M such that en+1 is parallel to ξ then we deﬁne the associated vector ﬁeld aˆ(ξ) and the allied
vector ﬁeld a(ξ) of ξ respectively by
aˆ(ξ) =
m∑
r=n+1
tr(Aξ Ar)er and a(ξ) =
m∑
r=n+2
tr(Aξ Ar)er . (13)
It is clear that aˆ(ξ), equaling
∑
i h(Aξ ei, ei), does not depend on the chosen basis of T
⊥M and that
aˆ(ξ) = a(ξ) + 1|ξ |2
(
tr A2ξ
)
ξ
with a(ξ) ⊥ ξ . In particular, the allied mean curvature vector a(H) is a normal vector perpendicular to H . A submanifold is
said to be an a-submanifold if a(H) vanishes [7].
We give ﬁrst some important formulas which will be repeatedly used throughout this paper. For a general submanifold
M , local tangent ﬁelds X, Y ∈ Γ (TM) and a local normal ﬁeld ξ ∈ Γ (T⊥M), the formulas of Gauss and Weingarten are
∇¯X Y = ∇X Y + h(X, Y ), ∇¯Xξ = −Aξ X + DXξ. (14)
The equations of Gauss and Codazzi for a submanifold are respectively given by
R(X, Y , Z ,W ) = c[〈X,W 〉〈Y , Z〉 − 〈X, Z〉〈Y ,W 〉]+ 〈h(X,W ),h(Y , Z)〉− 〈h(X, Z),h(Y ,W )〉, (15)
(∇¯Xh)(Y , Z) = (∇¯Y h)(X, Z) or (∇X A)ξ Y = (∇Y A)ξ X, (16)
where (∇X A)ξ Y := ∇X (Aξ Y ) − ADX ξ Y − Aξ (∇X Y ), for any normal vector ξ . Using the curvature of RQ m , namely
R¯(X, Y )Z = c[〈Y , Z〉X − 〈X, Z〉Y ] and (15), the Ricci (1,1)-tensor S of M takes the form
S(X) = c(n − 1)X + nAH X −
∑
r
A2r X . (17)
The gradient of a smooth function f on M is a vector ﬁeld equal to ∇ f := ∑i(ei f )ei , and the Laplacian of f is de-
ﬁned by  f = ∑i[(∇ei ei) f − ei(ei f )]. The Laplace operator can be extended to act on a vector ﬁeld V along x˜(M) by
V =∑i[∇˜∇ei ei V − ∇˜ei ∇˜ei V ].
The product formula for the Laplacian, which is used in the ensuing computations, takes the form
( f g) = ( f )g + f (g) − 2
∑
i
(ei f )(ei g), (18)
for smooth functions f , g ∈ C∞(M) and it can then be extended to the scalar products of vector valued functions, and in
particular, to the product of matrices in a natural way. For an endomorphism B of the tangent space of Mn we deﬁne
tr(∇B) := ∑ni=1(∇ei B)ei . All the immersions will be assumed smooth and all the manifolds, unless stated otherwise, are
assumed smooth, complete, connected, and of dimension  2.
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In this section we compute the iterated Laplacians kx˜, k = 1,2,3, for submanifolds of RQ m satisfying various condi-
tions. From the Beltrami’s formula x˜ = −nH˜ , we get
x˜ = −nH −
n∑
i=1
σ(ei, ei), (19)
where here, and in all other computations, we understand the Laplacian to be applied to vector ﬁelds along M (viewed as
EN(K )-valued functions, i.e. as matrices) componentwise, and thus
2 x˜ := (x˜) = −nH −
n∑
i=1

(
σ(ei, ei)
)
. (20)
The Laplacian of the mean curvature vector, H =∑i[∇˜∇ei ei H − ∇˜ei ∇˜ei H], can be computed using (9) and parallelism of σ
to be
H = tr(∇AH ) + tr ADH + ⊥H + cnH +
∑
i
h(ei, AHei)
− nσ(H, H) + 2
∑
i
σ(ei, AHei) − 2
∑
i
σ(ei, Dei H), (21)
where
tr(∇AH ) :=
∑
i
(∇ei AH )ei, tr ADH :=
∑
i
ADei Hei,
and ⊥ stands for the Laplacian in the normal bundle T⊥M of M in RQ m , i.e. the Laplacian with respect to the normal
connection D . Additionally, by applying the equation of Codazzi (16) we get
tr(∇AH ) = tr ADH + n
2
∇α2, (22)
where α denotes the mean curvature. In a similar manner one computes∑
i

(
σ(ei, ei)
)= 2cn(n + 2)H + 2c(n + 1)∑
i
σ(ei, ei) − 2n
∑
i
σ(Dei H, ei)
+ 2
∑
i,r
σ(Arei, Arei) − 2
∑
r,s
tr(Ar As)σ (er, es). (23)
Combining formulas (20)–(23) we obtain
2 x˜ = −2n tr ADH − n
2
2
∇α2 − n⊥H − cn(3n + 4)H − n
∑
i
h(ei, AHei)
+ n2σ(H, H) − 2c(n + 1)
∑
i
σ(ei, ei) − 2n
∑
i
σ(ei, AHei)
+ 4n
∑
i
σ(ei, Dei H) − 2
∑
i,r
σ(Arei, Arei) + 2
∑
r,s
tr(Ar As)σ (er, es), (24)
which holds for any n-dimensional submanifold of Sm or RQ m cf. [1,12,16,21]. In particular, when DH = 0 then
tr ADH = ∇α2 = ⊥H = 0 and the expression simpliﬁes.
In the case of a hypersurface of RQ m or Sm we have H = αξ , where ξ is the unit normal and α is the mean curvature.
Letting A := Aξ , f := tr A = nα, and f2 := tr A2 we get tr ADH = A(∇α), and ⊥H = (α)ξ , so that the preceding formula
reduces to
2 x˜ = −2A(∇ f ) − f∇ f − [ f + c(3n + 4) f + f f2]ξ + ( f 2 + 2 f2)σ(ξ, ξ) + 4σ(∇ f , ξ)
− 2c(n + 1)
∑
i
σ(ei, ei) − 2 f
∑
i
σ(Aei, ei) − 2
∑
i
σ(Aei, Aei). (25)
Compare with somewhat less general formulas of [1,21], and [12], and the corresponding formulas for the complex space
forms in [16,22].
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curvature. First, let fk := tr Ak and as before f = f1 = tr A. Then if f = const, we further compute

(
σ(ξ, ξ)
)= 2 f2σ(ξ, ξ) + 2c∑
i
σ(ei, ei) − 2
∑
i
σ(Aei, Aei), (26)∑
i

(
σ(Aei, ei)
)= 2c( f 2 + 2 f2)ξ − 2 f3σ(ξ, ξ) + 2cf ∑
i
σ(ei, ei) + 2c
∑
i
σ(Aei, ei)
+ 2
∑
i
σ
(
A2ei, Aei
)− 4σ (tr(∇A2), ξ)+∑
i
σ
(
(A)ei, ei
)
, (27)
∑
i

(
σ(Aei, Aei)
)= 4c∇ f2 + 4c tr(∇A2)+ 2c( f f2 + 2 f3)ξ − 2 f4σ(ξ, ξ)
− 4σ (tr(∇A3), ξ)+ 2cf2∑
i
σ(ei, ei)
+ 2c
∑
i
σ
(
A2ei, ei
)+ 2∑
i
σ
(
A3ei, Aei
)
+ 2
∑
i
σ
(
(A)ei, Aei
)− 2∑
i, j
σ
(
(∇e j A)ei, (∇e j A)ei
)
. (28)
By the Codazzi equation we have
tr
(∇A2)= 1
2
∇ f2 and tr
(∇A3)= 1
3
∇ f3 + 1
2
A(∇ f2). (29)
Recall also the Nomizu–Smyth’s formula [19] for the Laplacian of the shape operator, viz.
A = c(tr A)I + (tr A2 − cn)A − (tr A)A2. (30)
Then taking the Laplacian of (25) using (18), (21), (23), and (26)–(29) we obtain
3 x˜ = −{8cf3 + f [ f2 + 4cf 2 + f2( f2 + 4c(n + 4))+ 7n2 + 16n + 8]}ξ
− 4c∇ f2 − 2 f A(∇ f2) + 6 f σ(ξ,∇ f2) + 12σ
(
ξ, A(∇ f2)
)+ 8
3
σ(ξ,∇ f3)
+ {2 f2 + 4 f4 + 4 f f3 + f2[4 f2 + 3 f 2 + 4c(n + 1)]+ c(3n + 4) f 2}σ(ξ, ξ)
− 4[cf 2 + (n + 1)2]∑
i
σ(ei, ei) − 4 f
[
f2 + c(n + 4)
]∑
i
σ(Aei, ei)
− 8( f2 + c)
∑
i
σ(Aei, Aei) − 4
∑
i
σ
(
A2ei, A
2ei
)+ 4∑
i, j
σ
(
(∇e j A)ei, (∇e j A)ei
)
. (31)
5. Submanifolds of RQ m whose Chen-type is 1 or 2
We start with submanifolds of the lowest type, namely submanifolds of RQ m which are of Chen-type 1 via the embed-
ding Φ . It is not diﬃcult to classify these: they turn out to be open portions of lower dimensional canonically embedded
(totally geodesic) RQ n ⊂ RQ m . Indeed, let us assume that x˜ : Mn → EN(K ) is of 1-type, where, as usual, x˜ = Φ ◦ x. This means
x˜ = x˜0 + x˜1, with x˜0 = const, x˜1 = const, and x˜1 = λx˜1.
Then x˜ = λ(x˜− x˜0), i.e. according to (19)
λ(x˜− x˜0) + nH +
n∑
i=1
σ(ei, ei) = 0. (32)
Differentiate this formula with respect to a tangent vector X to get
λX + nσ(H, X) − nAH X + nDX H −
∑
i
A¯σ(ei ,ei)X +
∑
i
D¯ Xσ(ei, ei) = 0.
Using (9) and the parallelism of σ this is equivalent to[
λ − 2c(n + 1)]X − nAH X + nDX H + nσ(H, X) + 2∑
r
σ(er, Ar X) = 0.
Separating the part normal to RQ m gives∑
σ(Br X, er) = 0, where Br := (tr Ar)I + 2Ar .r
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0 =
∑
r
A¯σ(Br X,er)ξ = c
[
(tr Aξ )X + 2Aξ X
]
,
that is 2Aξ = −(tr Aξ )I . Taking the trace of this we conclude Aξ = 0, i.e. the submanifold is totally geodesic. It is well
known that Mn is then an open portion of a canonically embedded (totally geodesic) RQ n , see [4, p. 21]. Conversely, these
submanifolds are of 1-type since the restriction of Φ to them produces standard embeddings of RQ n into EN
′
(K ′) , N
′ = (n+22 ),
K ′ = (n+12 )+ 1, which satisfy

(
Φ − I/(n + 1))= 2c(n + 1)(Φ − I/(n + 1))
(apply Beltrami’s formula and use (11) – cf. formula (4)). Therefore we have
Theorem 1. (i) A submanifold Mn ⊂ RPm is of 1-type in EN via Φ if and only if it is an open portion of a canonical totally geodesic
RPn ⊂ RPm, n m. (ii) A submanifold Mn ⊂ RHm is of 1-type in ENK via Φ if and only if it is an open portion of a canonical totally
geodesic RHn ⊂ RHm, nm.
Although indirect proofs of this fact for submanifolds of RPm were given before [9], our argument produces a direct
proof, which works also for submanifolds of RHm . The same conclusion applies for submanifolds of the sphere Sm via Φ .
We undertake next the study of 2-type submanifolds, starting with those that are mass-symmetric in the hyperquadric
CN−1I/(m+1) . Since the expression for the curvature and formulas (8) and (9) are identical (up to a sign) to the corresponding
formulas for the unit sphere, it is not surprising that one obtains the characterization of 2-type mass symmetric subman-
ifolds of RQ m which parallels the situation in the sphere, immersed via the second standard immersion (cf. [1], but note
that we do not assume compactness). Namely, we have the following:
Theorem 2. Let x : Mn → RQ m be an isometric immersion into a real space form with the mean curvature vector H and the mean
curvature α. If Mn is mass-symmetric and of 2-type via Φ then the following conditions hold:
(i) DH = 0, i.e. the mean curvature vector is parallel,
(ii) a(H) = 0, i.e. the allied mean curvature vector vanishes,
(iii) The Ricci tensor S of M satisﬁes S = 2nAH + kI for some constant k,
(iv) tr(Aξ Aη) = ρ〈ξ,η〉 − 12 (tr Aξ )(tr Aη), for every ξ,η ∈ Γ (T⊥M), where ρ is a constant,
(v) tr(A2H ) = α2[ 2mρn + nα2 − c(n + 2)], thus also a constant.
Conversely, if (i)–(v) hold then x˜ is mass-symmetric and of type 1 or 2.
Proof. From the 2-type condition x˜ = x˜0 + x˜1 + x˜2 and mass-symmetry, we get
2 x˜− px˜+ q
(
x˜− I
m + 1
)
= 0, with p := λ1 + λ2 and q := λ1λ2. (33)
We ﬁnd the metric product of (33) with σ(X, ξ) using (7), (8), (19), and (24), to get DH = 0. Thus α2 = 〈H, H〉 = const and
a simpliﬁed formula (24) applies for 2 x˜. From the components in (33) that are normal to M but tangent to RQ m we get[
p − c(3n + 4)]H =∑
i
h(ei, AHei). (34)
By taking the inner product of this with H we get tr A2H = [p − c(3n + 4)]α2 = const. Consider a basis {er} of normal
vectors with en+1‖H . Taking the metric product of the preceding equality with er and summing on r = n + 2, . . . ,m we
get a(H) :=∑mr=n+2 tr(AH Ar)er = 0, which proves (ii). Let Ψ denote the vector which is the part of the left-hand side of
Eq. (33) normal to RQ m . Then applying (9) to A¯Ψ X = 0 we get
4
(∑
r
A2r X
)
= {2(n + 1)[p − 2c(n + 1)]− 2n2α2 − cq}X − 4nAH X . (35)
From (17) it follows then that S X = 2nAH X + kX , where
k = 1
4
[
2n2α2 + 4cn(n + 3) + cq − 2(n + 1)p] (36)
is a constant. This proves (iii). Note that (i) and (iii) imply that the scalar curvature τ is also constant.
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tr(Aξ Aη) + n
2
2
〈H, ξ〉〈H, η〉 = ρ〈ξ,η〉, with (37)
ρ = 1
4
{
2n2α2 + cq − 2n[p − 2c(n + 1)]} (38)
being constant. Note that tr Aξ = n〈H, ξ〉 and hence (iv) follows. Finally, by taking the metric product of (33) with x˜ we get
n2α2 − n[p − 2c(n + 1)]+ cqm
2(m + 1) = 0. (39)
Combining (38) and (39) gives
p = 2mρ
n
+ nα2 + 2c(n + 1) and q = 4c(m + 1)ρ. (40)
With this value of p we substitute in (34) to get (v). Thus all ﬁve claims are now proved.
Conversely, assume that properties (i)–(v) hold. Our goal is to show that constants p,q can be found for (33) to hold and
in fact they will be those two in (40). With DH = 0 we see from (19) and (24) that x˜, 2 x˜, and x˜ − I/(m + 1) have no
components tangent to M . Since a(H) = 0, ∑i h(ei, AHei) is parallel to H , so the component normal to M and tangent to
RQ m in (33) can be made to be zero when we choose
p = tr A
2
H
α2
+ c(3n + 4). (41)
If α = 0 that component is automatically zero. Since the normal space of RQ m in EN(K ) is generated, according to (10), by
linear combinations of the vectors of the form σ(X, Y ), σ(X, ξ), σ(ξ,η), and x˜, the equality (33) can be made to hold when
(37), (38), (39), and (35) are valid, i.e. when, respectively σ(ξ,η), x˜, and σ(X, Y ) components vanish (note that because
DH = 0, there is no σ(X, ξ) component). Solving Eqs. (38) and (39) gives the indicated values of p and q in (40) and
because of property (v) this value of p is consistent with that in (41). By taking the trace we get from (iii) and (iv)
k = τ − 2n
2α2
n
, and (m − n)ρ = ‖h‖2 + n
2α2
2
. (42)
Taking this into consideration, we easily verify that with the above values of p and q from (40), k satisﬁes formula (36) and
thus the assumption (iii) leads to (35), i.e. to the vanishing of the σ(X, Y )-component. Hence (33) holds for the indicated
values of p and q.
Since we do not assume compactness, we must show that the polynomial equation P (t) = 0, where P ()(x˜− I/(m+ 1))
is given by (33), has distinct real roots [10]. First, if q = 0, i.e. ρ = 0, we conclude from (42) that M is totally geodesic, and
thus mass-symmetric and of 1-type. If ρ = 0 the quadratic equation P (t) = 0 has the discriminant
p2 − 4q =
[
nα2 + 2c(n + 1) + 2m
n
ρ
]2
− 16c(m + 1)ρ
which is positive when c = −1. When c = 1 the quadratic expression in ρ on the right-hand side has its own discriminant
equal to 128(m + 1)[2(1 −m/n) −mα2], which is negative, thus p2 − 4q > 0 and the equation P (t) = t2 − pt + q = 0 has
two distinct real roots. This shows that M is mass-symmetric and of 2-type [10]. 
Therefore we recover the result of Barros and Chen, proved for submanifolds of a sphere immersed by the second
standard immersion of the sphere, also for submanifolds of RQ m . Note that for the converse part of the theorem to hold
tr A2H must be related to α and ‖h‖2 in the described way.
As a corollary we get the following result, which is an extension of the same result ﬁrst proved by Ros for submanifolds
of the sphere [21].
Corollary 1. Let x : Mn → RQ m be a full minimal immersion of an n-dimensional Riemannian manifold into a non-ﬂat real space
form. Then x˜ is of 2-type if and only if (i) M is an Einstein submanifold and (ii) tr(Aξ Aη) = ρ〈ξ,η〉 for every pair of normal vectors
ξ,η, where ρ is a constant.
Indeed, when M is minimal then x˜,x˜, and 2 x˜ are normal to RQ m , so the center of mass B := x˜0 ∈ S(1)(m + 1) in
the 2-type equation is also normal. By (5) for every x we have Bx = λx, λ ∈ R. Using the argument of Ros [21] based on
continuity and connectedness of M we have that λ is the same value for every x and then the fullness of the immersion
implies that B = λI . Since tr B = 1, we conclude that M is mass symmetric via Φ , so Theorems 2 and 1 yield the corollary.
As a matter of fact, using the notation of Theorem 2, it is easy to see that
2 x˜− 2(2cn − k + ρ)x˜+ 4c(m + 1)ρ[x˜− I/(m + 1)]= 0.
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assuming mass-symmetry), which are, essentially, also suﬃcient conditions for M to be of type  2. This will require an
additional differentiation to eliminate the unknown center of mass x˜0. Namely, under the assumption DH = 0 (and thus
α = const), by using (14), (9), and (19) we compute the following
∇˜X (x˜) = −nσ(X, H) + nAH X + 2c(n + 1)X − 2
∑
r
σ(Ar X, er), (43)
and from (24)
∇˜X
(
2 x˜
)= [4n(n + 3) + 2cn2α2]X + 3cn(n + 4)AH X − 4cS(X)
+ nAaˆ(H)X − nDX
[
aˆ(H)
]− 4n∑
r
σ(er, AH Ar X)
− cn(3n + 4)σ (X, H) − nσ (X, aˆ(H))− 2n2σ(AH X, H)
− 4c(n + 1)
∑
r
σ(Ar X, er) − 2n
∑
i
σ
(
ei, (∇X AH )ei
)
− 4
∑
i,r
σ
(
(∇X Ar)ei, Arei
)− 4∑
i,r
σ
(
h(X, Arei), Arei
)
+ 2
∑
r,s
X
(
tr(Ar As)
)
σ(er, es) − 4
∑
r,s
tr(Ar As)σ (Ar X, es)
+ 4
∑
r,s
tr(Ar As)σ (DXer, es). (44)
We get all the information we need by considering various components in the equation
∇˜X
(
2 x˜
)− p∇˜X (x˜) + qX = 0, (45)
where p = λ1 + λ2 and q = λ1λ2 are constant. We obtain the following
Theorem 3. Let x : Mn → RQ m be a submanifold of a non-ﬂat space form RPm, RHm, or Sm, with parallel mean curvature vector H.
If x˜ is of 2-type then
(i) The mean curvature α, the scalar curvature τ , the squared norm of the second fundamental form ‖h‖2 , and tr A2H are all constant.
(ii) DX [a(H)] = 0, for every X ∈ Γ (TM), i.e. the allied mean curvature vector is parallel.
(iii) The Ricci tensor has the form S = aI + bAH + nc4 Aa(H) , where a and b are constants.
(iv) ∇X S = 2n∇X AH , for every X ∈ Γ (TM).
(v) S ◦ AH = Aa(H) +2nA2H +dAH +eI , where d and e are constants. Thus S ◦ AH is a symmetric endomorphism and AH commutes
with S and Aa(H) .
(vi) S ◦ Aξ = Aaˆ(ξ) + 2nAH Aξ + (2cn − p/2)Aξ + n4 tr(AH Aξ )I , for every normal vector ξ ⊥ H, where p is a constant.
(vii) DX [aˆ(ξ)] = aˆ(DXξ), for every ξ ∈ Γ (T⊥M), i.e. aˆ : Γ (T⊥M) → Γ (T⊥M) is a parallel operator.
Proof. From DH = 0 it is clear that the mean curvature α = const. The part of (45) which is normal to M but tangent to
RQ m yields DX [aˆ(H)] = 0, which is automatically satisﬁed when H = 0, and when H = 0 we have
aˆ(H) = a(H) + 1|H|2
(
tr A2H
)
H (46)
so that DX [aˆ(H)] = DX [a(H)] + 1α2 [X(tr A2H )]H = 0. Since a(H) ⊥ H and DH = 0, this is equivalent to tr A2H = const and
DX [a(H)] = 0. These two conditions are trivially satisﬁed when H = 0. Considering the part of (45) tangent to M we get
S(X) = nc
4
Aaˆ(H)X + aX + b′AH X,
where a = c4 [4n(n + 3) + 2cn2α2 + q − 2c(n + 1)p] and b′ = c4 [3cn(n + 4) − np] are constants. Because of (46), with
b = b′ + nc
4α2
(tr A2H ) we derive (iii). Note that in the case of a minimal submanifold (iii) reduces to S(X) = aX , i.e. M
must be an Einstein manifold. Since tr Aa(H) = 0, by taking the trace of (iii) we get τ = const, and then from the Gauss
equation, i.e. (17) also ‖h‖2 = const. Together with previous claims this proves (i). The other parts of the theorem follow
by considering the component of (45) which is normal to RQ m . Let Ψ denote the part of the left-hand side of (45) normal
to RQ m , which is a linear combination of the second fundamental form on various pairs of vectors. Since A¯Ψ Y = 0, for a
tangent vector Y , both tangential and normal component of A¯Ψ Y must vanish. We compute
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[(
tr(∇X AH )
)
Y + (∇X AH )Y
]+ 4c∑
r,s
X
(
tr(Ar As)
)〈er, es〉Y
− 4c
∑
r
[(
tr
(∇X A2r ))Y + (∇X A2r )Y ]= 0.
Since
∑
r X(tr A
2
r ) = X(‖h‖2) = 0, tr(∇X AH ) = X(tr AH ) = 0 and, by (17), (
∑
r ∇X A2r )Y = n(∇X AH )Y − (∇X S)Y , we get (iv).
The normal part ( A¯Ψ Y )N = 0 gives{[
np − cn(3n + 4)]〈X, Y 〉 − 2n2〈AH X, Y 〉}H − n〈X, Y 〉aˆ(H) + [2p − 4c(n + 1)]h(X, Y )
− 4n
∑
r
〈AH Ar X, Y 〉er − 4
∑
r,s
tr(Ar As)〈Ar X, Y 〉es − 4h
(
X,
∑
r
A2r Y
)
= 0. (47)
Taking the metric product with H and observing (17) we get
1
4
[(
np − cn(3n + 4))α2 − n tr A2H ]〈X, Y 〉 + 12
(
p − 4cn − n2α2)〈AH X, Y 〉
− 2n〈A2H X, Y 〉− 〈Aaˆ(H)X, Y 〉+ 〈S AH X, Y 〉 = 0.
When H = 0 this simply gives a certain condition on eigenvalues λ1, λ2, namely p = λ1+λ2 = c(3n+4). In the non-minimal
case (H = 0), using (46) we have
S ◦ AH = Aa(H) + 2nA2H + dAH + eI,
where d = 12 [n2α2 + 4cn + 2α2 tr A2H − p] and e = 14 [n tr A2H − (np − cn(3n + 4))α2] are constant, which is the claim (v). By
combining (v) and (iii) (or by the Ricci equation) it follows that AH commutes with Aa(H) . Similarly, if ξ ⊥ H is a normal
vector, the inner product of (47) with ξ gives
−n
4
tr(AH Aξ )〈X, Y 〉 + 1
2
[
p − 2c(n + 1)]〈Aξ X, Y 〉
− n〈AH Aξ X, Y 〉 −
∑
r
tr(Aξ Ar)〈Ar X, Y 〉 −
∑
r
〈
A2r Aξ X, Y
〉= 0,
from which, by dint of (17), (vi) follows. Next, for a normal vector ξ we examine the condition A¯Ψ ξ = 0. The tangential part
( A¯Ψ ξ)T of this relation gives nothing new, leading to the same conditions as ( A¯Ψ Y )N = 0, i.e to (v) and (vi). From (43)–(45)
the normal part ( A¯Ψ ξ)N = 0 is equivalent to∑
r,s
X
(
tr(Ar As)
)[〈es, ξ〉er + 〈er, ξ〉es]+ 4∑
r,s
tr(Ar As)〈DXer, es〉ξ
+ 2
∑
r
tr(Ar Aξ )DXer + 2
∑
r,s
tr(Ar As)〈DXer, ξ〉es = 0.
Since
∑
r,s tr(Ar As)〈DXer, es〉 = 0, this is further equivalent to
2DX
[∑
r,s
tr(Ar As)〈es, ξ〉er
]
− 2
∑
r,s
tr(Ar As)〈es, DXξ〉er = 0,
i.e. to
DX
[∑
r
tr(Ar Aξ )er
]
=
∑
r
tr(Ar ADX ξ )er,
which is the claim (vii). Also note that considering the x˜-component of (45) does not produce any additional information
but reduces to a trivial identity. 
Remark 1. It is evident that the conditions (i)–(vii) are, in essence, also suﬃcient conditions for a submanifold with DH = 0
to be of type  2 via Φ since we obtained the information by considering all the components of the equation (45). Thus
provided that the constants a,b, c,d, e, p,q satisfy conditions for which the corresponding monic quadratic polynomial with
coeﬃcients −p and q has simple roots we can conclude that M is of type  2 [10].
Corollary 2. Let Mn be a submanifold of a non-ﬂat space form Sm,RPm, or RHm with parallel mean curvature vector H, which is of
2-type via Φ . Then the following holds:
(i) tr(S AH ) and tr(AH Aa(H)) are constant, and tr(S Aξ ) = n(n+12) tr(AH Aξ ) for a normal vector ξ ⊥ H.4
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sectional curvature then ∇ S = 0, and if the sectional curvature is positive, M is an Einstein manifold.
(iii) If M is a pseudo-umbilical submanifold then M is an Einstein manifold, a(H) = 0, and Aaˆ(ξ) and Aa(ξ) are proportional to Aξ for
every normal vector ξ ⊥ H as well as for ξ = H.
(iv) If M is an Einstein manifold then a(H) = 0 and AH has at most two distinct eigenvalues, both of which are constant.
Proof. Since tr Aa(H) = 0, the properties (i) and (v) of Theorem 3 give tr(S AH ) = const, and then from (iii) tr(Aa(H)AH ) =
const, because S AH = aAH + bA2H + nc4 Aa(H)AH holds. Since tr Aaˆ(ξ) = n tr(Aξ AH ) and tr Aξ = 0 for ξ ⊥ H , by taking the
trace of (vi) we get tr(S Aξ ) = n(n+12)4 tr(AH Aξ ). From the condition (iv) of Theorem 3, using the parallelism of H , and the
Codazzi equation (16) we get
(∇X S)Y = 2n(∇X A)HY = 2n(∇Y A)H X = 2n(∇Y AH )X = (∇Y S)X,
which proves that S is a Codazzi tensor. Furthermore, if M is a closed manifold with nonnegative sectional curvature, since
τ = tr S = const, then a result of U. Simon [25] states that ∇ S = 0, and when the sectional curvature is strictly positive then
M is einsteinian.
If M is a pseudo-umbilical submanifold then AH = μI , where μ = 1n tr AH = α2 is constant. Then
a(H) =
m∑
r=n+2
tr(AH Ar)er = μ
m∑
r=n+2
(tr Ar)er = 0,
and from (iii) of Theorem 3 S = (a + bμ)I , so M is einsteinian. Moreover, it follows from (vi) that Aaˆ(ξ) , and accordingly
Aa(ξ) , is proportional to Aξ . As a consequence, tr Aaˆ(ξ) = 0 for ξ ⊥ H . Note that by the result of Chen, pseudo-umbilical
submanifold of a space form with parallel mean curvature vector is either minimal in that space form or minimal in some
extrinsic hypersphere of that form [7, p. 33], [4, p. 26].
On the other hand, if we assume M to be einsteinian, then S = kI , for some constant k. From the ﬁrst part of the
corollary we have
a(H) = 4
n(n + 12)
m∑
r=n+2
tr(S Ar)er = 4k
n(n + 12)
m∑
r=n+2
(tr Ar)er = 0,
so M is an a-submanifold. From Theorem 3(iii) we have bAH = (k − a)I , so M is pseudo-umbilical or b = 0 and k = a. In
any case, from (v) we have kAH = 2nA2H + dAH + eI , so AH has at most two (constant) eigenvalues. 
6. Hypersurfaces in non-ﬂat space forms whose Chen-type is two
Assume x : Mn → RQ n+1 is an isometric immersion of a Riemannian n-manifold as a hypersurface of a non-ﬂat space
form (including also the unit sphere) for which the associated immersion x˜ : Mn → S(1)(n + 2) is of 2-type. Then for some
constants p = λ1 + λ2,q = λ1λ2 Eq. (45) holds for every tangent vector X . Taking the metric product of this equation with
x˜ we get
X
〈
2 x˜, x˜
〉− 〈2 x˜, X 〉− pX〈x˜, x˜〉 + p〈x˜, X〉 = 0
which, by using (25), leads to
A(∇ f ) = −3
2
f∇ f . (48)
In the same vein, when we take the metric product of (45) with σ(ξ, ξ) by considering
〈∇˜X (2 x˜), σ (ξ, ξ)〉− p〈∇˜X (x˜),σ (ξ, ξ)〉= 0
we get
2∇ f2 + 2A(∇ f ) − f∇ f = 0. (49)
Combining these two formulas we have ∇ f2 = 2 f∇ f = ∇ f 2, i.e. f2 − f 2 = const.
Lemma 1. If Mn is a 2-type hypersurface of RQ n+1 which is of 2-type via Φ then the mean curvature α = f /n, the scalar curvature
τ , and the squared norm of the second fundamental form f2 are all constant. Moreover, Mn has at most two principal curvatures, both
of which are constant.
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is nonempty then from (48) we see that ∇ f is an eigenvector of A with the corresponding eigenvalue −3 f /2. Let e1 =
∇ f /|∇ f | be the corresponding unit principal direction on U . Then with X = ∇ f we take the metric product of (45) with
σ(e1, e1) to get
0 = 〈∇˜∇ f (2 x˜), σ (e1, e1)〉− p〈∇˜∇ f (x˜),σ (e1, e1)〉
= (∇ f )〈2 x˜, σ (e1, e1)〉+ 〈2 x˜, A¯σ(e1,e1)(∇ f )〉− 〈2 x˜, D¯∇ f σ(e1, e1)〉
− p(∇ f )〈x˜, σ (e1, e1)〉− p〈x˜, A¯σ(e1,e1)(∇ f )〉+ p〈x˜, D¯∇ f σ(e1, e1)〉. (50)
Since A¯σ(e1,e1)(∇ f ) = 4c∇ f and D¯∇ f σ(e1, e1) = 2σ(∇∇ f e1, e1) + 2σ(h(∇ f , e1), e1) we see that the last three terms in the
above equation are zero. Moreover, by means of (25) we compute〈
2 x˜, σ (e1, e1)
〉= −5cf 2 − 4(n + 1)2, 〈2 x˜, A¯σ(e1,e1)(∇ f )〉= 8cf |∇ f |2, and〈
2 x˜, D¯∇ f σ(e1, e1)
〉= −12cf |∇ f |2,
so that (50) reduces to
0 = (∇ f )(−5cf 2 − 4(n + 1)2)+ 8cf |∇ f |2 + 12cf |∇ f |2 = 10cf |∇ f |2.
This implies that f = 0 or ∇ f = 0 at every point of U , which contradicts the assumption on non-emptiness of U . Thus U
is actually empty, i.e. f := tr A, together with the mean curvature α, is constant. Then it follows that the mean curvature
vector H is parallel and by Theorem 3, or relation (49), that f2 and τ are also constant. In that case formula (25) becomes
2 x˜ = − f [c(3n + 4) + f2]ξ + ( f 2 + 2 f2)σ(ξ, ξ)
− 2c(n + 1)
∑
i
σ(ei, ei) − 2 f
∑
i
σ(Aei, ei) − 2
∑
i
σ(Aei, Aei). (51)
Let {ek}, k = 1,2, . . . ,n be a local orthonormal tangent frame of principal directions of M and let μk be the corresponding
principal curvatures. Then for any k = 1, . . . ,n, letting X = ek in (45) and taking the inner product with ek we obtain from
(51)
4cμ2k + f
[
f2 + c(3n + 8) − p
]
μk +
[
2cf 2 + 4(n + 1)2 − 2c(n + 1)p + q]= 0.
Thus all μk satisfy the same quadratic equation with constant coeﬃcients, which means that there are at most two principal
curvatures and they are constant. 
This lemma will be crucial in the classiﬁcation of 2-type hypersurfaces of RQ m . Before we proceed with such classiﬁca-
tion, however, let us try to understand the situation in the projective space vis à vis that in the sphere. Recall that we have
the canonical projection (2-fold covering) π : Sm → RPm . For any connected submanifold M of RPm there is the associated
(not necessarily connected) submanifold Mˆ = π−1(M) of Sm , which is invariant under the antipodal map. If g denotes the
metric on RPm as well as the induced metric on M and gˆ = π∗g denotes the metric on Sm as well as the induced metric
on Mˆ , then the restriction of π to Mˆ gives the covering π : (Mˆ, gˆ) → (M, g), which is a Riemannian submersion with totally
geodesic (two-point) ﬁbers. For such submersions there is a relation between the Laplacians, viz. Mˆ( f ◦ π) = (M f ) ◦ π ,
for any function f ∈ C2(M) (see [3, pp. 128, 145]). If Φ is the ﬁrst standard embedding of the projective space then Φ ◦ π
is the second standard immersion of the sphere. Let Mn ⊂ RPm be a submanifold of a projective space, with x being
the inclusion. We consider Mˆ = π−1(M) and deﬁne the immersion xˆ : Mˆ → S(m + 1) to be the lift of x˜, i.e. xˆ = x˜ ◦ π . If
x˜ = x˜0 + x˜1 + · · · + x˜k is a k-type decomposition then xˆ = x˜ ◦π = x˜0 ◦π + x˜1 ◦π + · · · x˜k ◦π gives a decomposition of k-type
since when we let xˆi = x˜i ◦ π we get
Mˆ xˆi = Mˆ(x˜i ◦ π) = (Mx˜i) ◦ π = (λi x˜i) ◦ π = λi(x˜i ◦ π) = λi xˆi .
Moreover each xˆi is constant on ﬁbers. Conversely, if xˆ = x˜ ◦ π = xˆ0 + xˆ1 + · · · + xˆk is a k-type decomposition of xˆ, with
eigenfunctions xˆi which are constant on ﬁbers (i.e. Z2-invariant) then each xˆi factors through π , xˆi = x˜i ◦ π and x˜ = x˜0 +
x˜1 + · · · + x˜k is a k-type decomposition of x˜. In other words, M ⊂ RPm is of k-type via Φ if and only if Mˆ ⊂ Sm is of k-type
via Φ with Z2-invariant eigenfunctions in the k-type decomposition.
Now we can state the following classiﬁcation results for 2-type hypersurfaces of RQ m , where, as above, the immersion
is assumed to be the inclusion. Note that such classiﬁcation is already known for hypersurfaces of the sphere [1,12].
Theorem 4. (i) A complete hypersurface Mn ⊂ RPn+1 is of 2-type via Φ if and only if M is either a geodesic hypersphere of any
radius ρ ∈ (0,π/2) or the canonical projection of the Riemannian products of spheres π(Sk(r1)× Sn−k(r2)), with the following three
possibilities for the radii: r21 = kn+2 , r21 = k+1n+2 , r21 = k+2n+2 , and r22 = 1− r21 in each of the three cases.
(ii) A complete hypersurface Mn of RHn+1 is of 2-type via Φ if and only if Mn is a geodesic sphere of arbitrary radius or an
equidistant hypersurface to a totally geodesic hyperbolic space RHn ⊂ RHn+1 with an arbitrary (nonzero) distance to it.
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of Sn+1 which is of 2-type via the second standard immersion of the sphere and has at most two (constant) principal cur-
vatures. Complete isoparametric hypersurfaces in a sphere with one or two principal curvatures are compact since they are
the geodesic hyperspheres (the umbilical case) or standard products of spheres Sk(r1)× Sn−k(r2) (two principal curvatures).
Of all geodesic hyperspheres the one with radius ρ = π/2 is a great hypersphere which is of 1-type via Φ and projects into
a totally geodesic RPn which is also of 1-type. Of course the small hyperspheres in Sn+1 (which we know to be of 2-type
via Φ) do not project into RPn+1 but if we consider Mˆ to be the (non-connected) disjoint union of a small geodesic hyper-
sphere and its image under the antipodal map then Mˆ is also of 2-type and it projects to a 2-type geodesic hypersphere in
RPn+1. See an alternative proof of this fact below for umbilical hypersurfaces of a space form. The product of spheres
Mˆ = Sk(r1) × Sn−k(r2) =
{
(x1, . . . , xn+2)
∣∣∣ k+1∑
i=1
x2i = r21,
n+2∑
i=k+2
x2i = r22
}
is of 2-type if and only if the radii satisfy the above three possibilities (see [1,12]) and these products then project to the
corresponding 2-type submanifolds π(Sk(r1) × Sn−k(r2)) of RPn+1. Indeed if
x= (x1, . . . , xk+1)t and y= (y1, . . . , yl+1)t with k + l = n, y j = xk+ j+1, (52)
then for the product of spheres Sk(r1) × Sl(r2) we have
Φ(x) = xxt =
( r21 Ik+1
k+1 O
O
r22 Il+1
l+1
)
+
(
xxt − r21 Ik+1k+1 xyt
yxt yyt − r22 Il+1l+1
)
. (53)
As noted in [1], the products of coordinate functions (adjusted by a translation) that appear in the upper left and lower
right corners of the second matrix are eigenfunctions corresponding to the second eigenvalue of the Laplacian, respectively
λ′2 on Sk(r1) and λ′′2 on Sl(r2), see formula (4). According to (18) the products of coordinates in the other two corners
are eigenfunctions for the eigenvalue λ′1 + λ′′1, which is the sum of the ﬁrst eigenvalues on the two spheres. Therefore
the coordinates of x˜ = xxt come from either two or three eigenspaces and the immersion is of 2-type if two of the three
eigenvalues agree – otherwise it is of 3-type. The equality of any two eigenvalues leads exactly to the indicated values
for the radii r1 and r2. Moreover these eigenfunctions are invariant under the antipodal map so each projects into an
eigenfunction of M ⊂ RPn+1. The submanifold π(Sk(r1) × Sn−k(r2)) is naturally identiﬁed with the product of projective
spaces RPk × RPn−k of the corresponding curvatures.
(ii) Let us now examine the hyperbolic case. As is well known by the result of E. Cartan [5], the number of principal
curvatures of an isoparametric hypersurface in RHn+1 is one or two. If a 2-type hypersurface Mn ⊂ RQ n+1 has only one
(constant) principal curvature then it is an umbilical hypersurface and therefore in this case one of the following: a totally
geodesic RHn , a geodesic sphere, a horosphere, or an equidistant hypersurface to a canonical totally geodesic RHn in RHn+1
[4,5,24]. For an umbilical hypersurface with a single principal curvature μ (= α) we compute from (43) and (44)
∇˜X (x˜) = −(n + 2)μσ (X, ξ) +
[
nμ2 + 2c(n + 1)]X, (54)
∇˜X
(
2 x˜
)= −(3n + 2)(n + 2)μ(μ2 + c)σ(X, ξ) + [n2μ2 + 4c(n + 1)2](μ2 + c)X, (55)
for any X ∈ Γ (TM). Therefore when we separate the σ(X, ξ)-component and the X-component in (45) we get
p = (3n + 2)(μ2 + c) and q = 2n(n + 1)(μ2 + c)2. We then solve the quadratic equation
u2 − pu + q = (u − λ1)(u − λ2) = 0
to ﬁnd the roots to be the eigenvalues λ1 = 2n(μ2 + c) and λ2 = 2(n + 1)(μ2 + c), since we may assume that μ = 0
(totally geodesic case is excluded since it leads to 1-type). Thus for the spherical space form (c = 1) every non-totally
geodesic umbilical hypersurface (a geodesic sphere) is of 2-type. In the hyperbolic case (c = −1), we know from [5] that
for a horosphere μ = ±1 (with the sign depending on the choice of the unit normal ξ ), thus p = q = λ1 = λ2 = 0, which
contradicts the 2-type condition. Moreover, from ∇˜X (2 x˜) = 0 we see that a horosphere satisﬁes the condition H˜ = B
for some constant matrix B ∈ S1(n + 2). (The next theorem will show that this is actually a characterizing property of the
horosphere.) If Mn is a geodesic sphere of radius t then μ = coth t and if Mn is the equidistant hypersurface at a distance
t from a totally geodesic RHn then μ = − tanh t . In either case, for these values of the principal curvature we get two
different values λ1, λ2 and the formula (45) is satisﬁed. That means that there exists a constant vector x˜0 ∈ S1(n+2) so that
2 x˜− px˜+q(x˜− x˜0) = 0 and the polynomial u2 − pu+q = 0 has distinct roots. By a result of [10] that is equivalent to Mn
being of 2-type. Moreover the values λ1 = −2n/ cosh2 t and λ2 = −2(n+ 1)/ cosh2 t are two eigenvalues of the Laplacian for
that equidistant hypersurface.
Now we show that no hypersurface with two constant principal curvatures is of 2-type via Φ . We know from [5] (see
also [4,16,24]) that such hypersurface is a tube about the totally geodesic RHk,k = 1, . . . ,n − 1 and is isometric to the
product Mn = Tnk,r := RHk(− 1r2+1 ) × Sn−k( 1r2 ), with the sectional curvature of the hyperbolic and the spherical factor as
indicated. In other words
Tn = {x ∈ En+2 ∣∣ x20 − x21 − · · · − x2 = 1+ r2, x2 + · · · + x2n+1 = r2}, (56)k,r 1 k k+1
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x2k+1 + · · · + x2n+1 =
(
tanh2 t
)(
x20 − x21 − · · · − x2k
)
.
It is known that Tnk,r has the principal curvatures μ1 = ± tanh t = ± r√1+r2 of multiplicity k and μ2 = ± coth t = ±
√
1+r2
r of
multiplicity l := n−k (r = sinh t , and we may assume the positive sign is chosen for both curvatures). Suppose now that Mn
is of 2-type and denote the eigenbundles corresponding to these curvatures by D1 and D2.
Then for X ∈ Di, i = 1,2, we compute from (43)
∇˜X (x˜) =
[
fμi − 2(n + 1)
]
X − ( f + 2μi)σ (X, ξ),
and from (44) we further get
∇˜X
(
2 x˜
)= {4(n + 1)2 − 2 f 2 + f [ f2 − (3n + 8)μi − 4μ2i ]}X
− { f [ f2 − (3n + 4)]+ 2[ f 2 + 2 f2 − 2(n + 1)]μi + 4 fμ2i + 4μ3i }σ(X, ξ)
− 2 f
n∑
j=1
σ
(
(∇X A)e j, e j
)− 4 n∑
j=1
σ
(
(∇X A)e j, Ae j
)
.
Then (45) must hold for X both in D1 and D2 and for the same values of p and q regardless of the choice of Di . By
extracting the σ(X, ξ)-component from the equation (45) and observing μ1μ2 + c = 0, we see that in order to get the same
value for p for X ∈ D1 and X ∈ D2 the following condition must hold
2 f (μ1 + μ2)2 + 2
(
f 2 + 2)(μ1 + μ2) + ( f 2 + f2 + n+ 4) f = 0. (57)
Considering this as a quadratic equation in μ1 + μ2 we compute the discriminant to be −4{ f 4 + 2[ f 2( f2 + n + 2) − 2]}.
Note that μ1μ2 = 1, so one of the curvatures is > 1 the other < 1 but both are positive. Since f = tr A > μ2 = coth t > 1 it
follows f 2 > 1 and f2 = kμ21 + lμ22 > 1. Hence the above discriminant is negative and the equation (57) cannot hold. This is
a contradiction, which ﬁnishes the proof. 
As a matter of fact Tnk,r is of 3-type via Φ , as shown later in this paper. In contrast to this, Chen [8] has shown that T
n
k,r
are hypersurfaces of RHn+1 that are of 2-type in En+11 .
We state now the characterization of horospheres hinted at in Theorem 4.
Theorem 5. A complete hypersurface Mn ⊂ RHn+1 is a horosphere if and only if H˜ , the Laplacian of the mean curvature vector of
M in S1(m + 1), is a (nonzero) constant matrix.
Proof. The condition H˜ = const is equivalent to ∇˜X (2 x˜) = 0 and thus formula (44) for hypersurfaces of RHn+1 yields
∇˜X
(
2 x˜
)= [4(n + 1)2 − 2 f 2]X + f [ f2 − (3n + 8)]AX − 4A2X − X( f f2)ξ
+ f (3n + 4− f2)σ (ξ, X) +
[
4(n + 1) − 2 f 2 − 4 f2
]
σ(ξ, AX)
− 4 f σ (ξ, A2X)− 4σ (ξ, A3X)+ 2(X f2)σ (ξ, ξ) − 2(X f )∑
i
σ(Aei, ei)
− 2 f
∑
i
σ
(
(∇X A)ei, ei
)− 4∑
i
σ
(
(∇X A)ei, Aei
)= 0. (58)
A horosphere is a ﬂat, totally umbilical hypersurface with AX = X for every X ∈ Γ (TM), and hence also ∇A = 0. Since
f = f2 = n, one easily checks that (58) is satisﬁed whereas 2 x˜ = 0 by (51). Conversely, assume that (58) holds. We take
the metric product of (58) with x˜ to get from (7) 2X( f 2) = 0, i.e f = const. Similarly, by considering the ξ component we
get f f2 = const, from which we conclude that f = tr A and f2 = tr A2 are constant. Separating the tangential part of (58)
and taking the product with σ(ξ, Y ) we get respectively[
4(n + 1)2 − 2 f 2]X + f [ f2 − (3n + 8)]AX − 4A2X = 0, (59)
f (3n + 4− f2)X +
[
4(n + 1) − 2 f 2 − 4 f2
]
AX − 4 f A2X − 4A3X = 0. (60)
If X is an eigenvector of A, from (59) we see that there are at most two principal curvatures and that they are constant.
We show that M cannot have two principal curvatures and that in fact M must be umbilical. Apply A to (59) and subtract
(60) from it to get
− f (3n + 4− f2)X + 4
[
n(n + 1) + f2
]
AX + f [ f2 − (3n + 4)]A2X = 0. (61)
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2 f
[
f2 − (3n + 4)
][
2
(
n2 + 2n + 2)− f 2]X
+ {16[n(n + 1) + f2]+ f 2[ f2 − (3n + 4)][ f2 − (3n + 8)]}AX = 0. (62)
This expression has a form uX + v AX = 0. If v = 0 then M is totally umbilical with one principal curvature μ = −u/v . We
show that the case v = 0 is not possible. If v = 0 were to hold, that would also imply u = 0 and then f [ f2 − (3n+ 40)] = 0
or f 2 = 2(n2 + 2n + 2). The ﬁrst possibility cannot hold, for then replacing it in the equation v = 0 would lead to a
contradiction: n(n + 1) + f2 = 0. The second possible condition f 2 = 2(n2 + 2n + 2)  10 when replaced in v = 0 leads
to a quadratic equation in f2 with a negative discriminant of 4[64 − 16(n2 + 4n + 6) f 2 − (9n2 + 27n + 14) f 4], which,
again, is a contradiction. Therefore, M is indeed umbilical with only one (constant) principal curvature μ. Then f = nμ and
f2 = nμ2 and from (59) we get n2μ4 − (5n2 + 8n + 4)μ2 + 4(n + 1)2 = 0. The solutions of this equation are μ = ±1 and
μ = ± 2(n+1)n . Replacing the second pair of values in (60) leads to a polynomial equation in n which has no integer solution.
Hence μ = ±1. Of all four kinds of totally umbilical hypersurfaces (a totally geodesic RHn , a geodesic sphere, an equidistant
hypersurface to RHn and a horosphere) it is the horosphere that has the indicated value of the principal curvature [5,24]
(the sign depends on the choice of the unit normal). This ﬁnishes the proof. 
Remark 2. The result of Theorem 5 implies that there are no (extrinsically) biharmonic hypersurfaces of RHm via x˜ i.e.
those satisfying 2 x˜ = 0.
7. CMC hypersurfaces of RQ m of Chen 3-type
We turn our attention next to hypersurfaces of real space forms Sn+1, RQ n+1 with constant mean curvature (CMC)
which are of Chen-type 3 in S(1)(n + 2). These hypersurfaces satisfy the condition
3 x˜+ p2 x˜+ qx˜+ r(x˜− x˜0) = 0, (63)
where p,q, r are constants given by the (signed) elementary symmetric functions of the eigenvalues λ1, λ2, and λ3 associ-
ated with a 3-type decomposition x˜ = x˜0 + x˜1 + x˜2 + x˜3. Differentiating with respect to an arbitrary tangent vector X leads
to the relation
∇˜X
(
3 x˜
)+ p∇˜X (2 x˜)+ q∇˜X (x˜) + r X = 0. (64)
We recall a formula from Nomizu and Smith [19] (note that their sign of the Laplacian is opposite of ours):
1
2
 f2 = tr(A)A − ‖∇A‖2 = cf 2 + ( f2 − cn) f2 − f f3 − ‖∇A‖2, (65)
or equivalently
‖∇A‖2 = cf 2 + ( f2 − cn) f2 − f f3 − 1
2
 f2, (66)
where
‖∇A‖2 :=
∑
i, j
〈
(∇e j A)ei, (∇e j A)ei
〉=∑
j
tr(∇e j A)2.
We ﬁnd the metric product of (64) with x˜, using (19), (25) and (31) to get
X
〈
3 x˜, x˜
〉+ 〈2 f A(∇ f2) + 4c∇ f2, X 〉+ pX( f 2 + 2cn(n + 1))= 0,
and then using (65) we obtain
2 f A(∇ f2) +
(
f 2 + 8c)∇ f2 = 0. (67)
Thus if Mn is a minimal hypersurface of 3-type in the non-ﬂat space form then the squared norm of the second fundamental
form f2 is constant (which implies that the scalar curvature is also constant) and if Mn is a non-minimal CMC hypersurface
of 3-type then ∇ f2 is a principal direction with the corresponding principal curvature equal to − ( f 2+8c)2 f . This generalizes a
result of Lu [18].
We consider ﬁrst a minimal 3-type hypersurface Mn in Sn+1 or RQ n+1. For such hypersurface formulas (19), (25) and
(31) reduce to x˜ = −∑i σ(ei, ei),
2 x˜ = 2 f2σ(ξ, ξ) − 2c(n + 1)
∑
i
σ(ei, ei) − 2
∑
i
σ(Aei, Aei), (68)
3 x˜ = −8cf3ξ + 8
3
σ(ξ,∇ f3) + 4
[
f4 + f 22 + c(n + 1) f2
]
σ(ξ, ξ) − 4(n + 1)2
∑
i
σ(ei, ei)
− 8( f2 + c)
∑
σ(Aei, Aei) − 4
∑
σ
(
A2ei, A
2ei
)+ 4∑σ ((∇e j A)ei, (∇e j A)ei). (69)i i i, j
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0 = 〈∇˜X (3 x˜), ξ 〉+ p〈∇˜X (2 x˜), ξ 〉+ q〈∇˜X (x˜), ξ 〉
= X 〈3 x˜, ξ 〉− 〈3 x˜, σ (ξ, X)〉= −32c
3
〈∇ f3, X〉.
Thus f3 = tr A3 is also constant. In a similar manner, taking the inner product of (64) with σ(ξ, ξ) and using (66) leads to
8c〈∇ f4, X〉 = 0, from which also f4 = const. We can compute now ∇˜X (3 x˜), from which we ﬁnd the tangent component
to be (∇˜X (3 x˜))T = 8[ f2 + c(n + 1)3]X + 8cf3AX + 16c( f2 + c)A2X + 8cA4X − 8c∑
j
(∇e j A)2X . (70)
Since also (∇˜X (x˜))T = 2c(n + 1)X and (∇˜X (2 x˜))T = 4(n + 1)2X + 4cA2X , by equating the tangent part of Eq. (63) with
zero we get∑
j
(∇e j A)2 = A4 + aA2 + f3A + kI, (71)
where a,k are constants depending on p,q, r, c,n and tr A2. Thus
∑
j tr(∇e j A)2 is also constant. Using the argument of [12,
p. 488] we conclude that f5 = const as well. One can also consider the component of (64) normal to RQ m and arrive at a
condition, which, together with (71) and conditions tr Ak = const, for k = 1, . . . ,5, gives a set of necessary conditions for a
minimal hypersurface to be of 3-type. For our purposes, however, formula (71) will suﬃce.
Theorem 6. Let Mn be a complete minimal hypersurface of dimension 2  n  5 in a non-ﬂat real space form, which is of 3-type
via Φ . Then (i), the only such hypersurfaces in Sn+1 are the Cartan minimal hypersurface SO(3)/(Z2 × Z2) in S4 and the Clifford
minimal hypersurfaces Mk,n−k = Sk(
√
k
n ) × Sn−k(
√
n−k
n ) in S
4, S5 and S6 for which n = 2k. (ii) Minimal 3-type hypersurfaces in
RPn+1 are the projections π(SO(3)/(Z2 × Z2)) and π(Mk,n−k) of the Cartan hypersurface and the Clifford hypersurfaces mentioned
above. (iii) There are no minimal 3-type hypersurfaces in RHn+1 for n 5.
Proof. (i) The above analysis shows that such a hypersurface must be isoparametric (i.e. must have constant principal
curvatures). For n 5, complete isoparametric hypersurfaces in Sn+1 are compact and the number ν of principal curvatures
can be ν = 1,2,3, or 4. (For information on isoparametric hypersurfaces we refer to [6].) If ν = 1 a minimal hypersurface
is a great hypersphere, which is of 1-type. If ν = 2 then the hypersurface is the product of spheres Sk(r1) × Sn−k(r2) with
r21 + r22 = 1. In this family the minimal ones are of the form Mk,n−k := Sk(
√
k
n )× Sn−k(
√
n−k
n ), the so called Clifford minimal
hypersurfaces. They are either of 2-type or 3-type. Consulting the list of products of spheres of 2-type in [1] we see that this
happens when n = 2k and consequently r1 = r2 = 1/
√
2, i.e. in the case of S1(1/
√
2)× S1(1/√2) and S2(1/√2)× S2(1/√2).
All other minimal products of spheres are of 3-type and there are four such examples for n  5. When ν = 3, then the
hypersurface is the Cartan minimal hypersurface SO(3)/(Z2 × Z2) of dimension 3 in S4 for which it is known that it is of
3-type (and mass-symmetric) [12]. As is well known, the Cartan hypersurface is the minimal (algebraic) hypersurface in a
1-parameter family of parallel isoparametric hypersurfaces with three principal curvatures deﬁned by the equation
x35 +
3
2
(
x21 + x22
)
x5 − 3
(
x23 + x24
)
x5 + 3
√
3
2
(
x21 − x22
)
x4 + 3
√
3x1x2x3 = cos(3t), (72)
with
∑
i x
2
i = 1, obtained when t = π/6 [5,6]. This hypersurface is the intersection of the cone in R5 deﬁned by the equation
(72), with t = π/6, and the sphere S4. It has three principal curvatures 0,√3 and −√3. If ν = 4 the hypersurface is the
minimal hypersurface in S5 which was considered by Cartan and later revived by Nomizu (see [11,12] and the references
therein). It is the minimal hypersurface in the isoparametric family M4t with 4 principal curvatures
μ1 =
√
2+ 1,μ2 =
√
2− 1,μ3 = −
√
2− 1,μ4 = 1−
√
2.
Thus f3 = tr A3 = 0 and x˜,x˜,2 x˜,3 x˜ are all normal to Φ(S5) according to (68), (69). So if M4 is of 3-type it follows from
(63) that the center of mass x˜0 is also normal. Since the immersion of this hypersurface is full, using the aforementioned
argument of Ros (Corollary 1) we get x˜0 = I/(n+ 2), i.e. M4 is then necessarily mass-symmetric. But we have shown before
[12] that M4 cannot be at the same time mass-symmetric and of 3-type.
(ii) A hypersurface Mn ⊂ RPn+1 is minimal and of 3-type via Φ if and only if Mˆ = π−1(M) ⊂ Sn+1 is minimal in the
sphere and of 3-type in S(n+ 2) via Φ , with each vector eigenfunction in the decomposition xˆ = xˆ0 + xˆ1 + xˆ2 + xˆ3 invariant
under the antipodal map. The mutual minimality of M and Mˆ follows by a result of Lawson [17]. When ν = 2, from the
discussion around formula (53) we see that Mˆ is of 3-type exactly when Mˆ = Mk,n−k,n = 2k, is any of the Clifford minimal
hypersurfaces mentioned above. π(Mk,n−k) is naturally isometric to the product RPk(nk ) × RPn−k( nn−k ) of the projective
spaces with indicated curvatures. When ν = 3 then a connected complete 3-type minimal hypersurface in the sphere is the
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−x. Moreover the principal direction vector ei of Mˆ corresponding to a principal curvature μi ∈ {−
√
3,0,
√
3} is mapped
into −ei = ι∗(ei) which is a principal direction of Mˆ for the same principal curvature μi . As found in [12] the eigenvalues
of Mˆ in the 3-type decomposition of x˜ = I/5+ x˜1 + x˜2 + x˜3 are λ1 = 6, λ2 = 8, λ3 = 20, and the Cartan hypersurface satisﬁes
3 x˜− 342 x˜+ 328x˜− 960(x˜− I/5) = 0. Then we ﬁnd that with the basis {ei} of principal directions and the unit normal
ξ , regarded as column vectors in E5, one has
x˜1 = 1
28
2 x˜− x˜+ 40
7
(x˜− I/5) = 1
7
(
2xxt − 2ξξ t − e1et1 + 2e2et2 − e3et3
)
,
x˜2 = − 1
24
2 x˜+ 13
12
x˜− 5(x˜− I/5) = 1
2
(
xxt − e2et2
)
,
x˜3 = 1
168
2 x˜− 1
12
x˜+ 2
7
(x˜− I/5) = 1
70
(
xxt + 6ξξ t − 4e1et1 + e2et2 − 4e3et3
)
.
Since each eigenfunction x˜i is invariant under the antipodal map, this gives also a 3-type decomposition of M = π(Mˆ) ⊂ RP4
via Φ .
(iii) In the hyperbolic space, we know that for n  5 a 3-type minimal hypersurface is isoparametric and thus has
at most two principal curvatures, which must be constant. It cannot be umbilical since in that case it would be of 1-
type (a totally geodesic RHn) or of 2-type (a geodesic sphere and an equidistant hypersurface – those are not minimal
anyhow). The horosphere is neither minimal nor it satisﬁes any ﬁnite type decomposition of its position vector x˜. Regarding
hypersurfaces with two constant principal curvatures, they cannot be minimal since the principal curvatures μ1 = ± tanh t
and μ2 = ± coth t are of the same sign: μ1μ2 = 1, by the Cartan’s fundamental formula [4, p. 84], [6]. This ﬁnishes the
proof. 
This theorem is a generalization of the author’s result from [12] in that a classiﬁcation is achieved without assuming
mass-symmetry (or compactness), and such classiﬁcation is also considered for RQ m . It also surpasses a result of Lu [18]
who only showed nonexistence of a 3-type minimal surface in S3.
We investigate now complete 3-type CMC hypersurfaces Mn of real space forms which are mass-symmetric in the hy-
perquadric CN+1I/(n+2) . This means that it is possible to decompose x˜ into a sum of three vector eigenfunctions and a constant
matrix as x˜ = In+2 + x˜1 + x˜2 + x˜3. These hypersurfaces satisfy the equation
3 x˜+ p2 x˜+ qx˜+ r
(
x˜− I
n + 2
)
= 0. (73)
Since the normal bundle to the space form is spanned by I, P , and values of σ on various pairs of tangent vectors
to the space form via (10), we get all the information by taking the metric product of (73) with x˜, a tangent vector
X, ξ,σ (ξ, ξ),σ (ξ, X), and σ(X, Y ). First, we take the inner product with x˜ using (66) to get(
f 2 + 4c) f2 + (5nc + 8c + p) f 2 + l = 0, (74)
where l is a constant depending on c, p,q, r, and n. If we assume that f 2 + 4c = 0 (certainly true in the spherical case
c = 1), since f 2 = const it follows from (74) that f2 = const. By considering the metric product of (73) with ξ or σ(ξ, X)
using (25) and (31) we obtain f3 = const and by taking the inner product of (73) with σ(ξ, ξ) and using (66) we see that
8cf4 is expressed in terms of f , f2, and f3, and therefore f4 must be also constant. Using a modiﬁed argument from [12]
this implies that tr Ak = const for 1 k 5. Namely, taking the metric product of (73) with σ(X, Y ) leads to∑
j
(∇e j A)2X = A4X + aA2X + bAX + kX, (75)
where
a = p
2
+ 2( f2 + c) and b = p
2
f − f [ f2 + c(n + 4)], (76)
and k is a certain constant given in terms of n, p,q, r, c, and tr A j, j = 1,2,3,4. Since

(
tr A3
)= tr(A3)= 3 tr[(A) ◦ A2]− 6∑
i
tr
[
(∇ei A)2 ◦ A
]
,
using (30) and (75) we get
0 =  f3 = 3cf f2 + 3( f2 − cn) f3 − 3 f f4 − 6( f5 + af3 + bf2 + kf ),
from which it follows that f5 is also constant and hence we conclude that for dimensions n 5 the hypersurface is isopara-
metric. The condition (75) and the constancy of traces tr A j , j = 1, . . . ,5, give a set of necessary conditions for a CMC
hypersurface to be mass-symmetric and of 3-type.
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(i) The only CMC hypersurface Mn ⊂ Sn+1 which is mass-symmetric and of 3-type in S(n + 2) via Φ is the Cartan’s minimal hyper-
surface M3 = SO(3)/(Z2 × Z2).
(ii) The only CMC hypersurfaces Mn ⊂ RPn+1 which is mass-symmetric and of 3-type via Φ is the projection of the Cartan minimal
hypersurface above, π(SO(3)/(Z2 × Z2)).
(iii) Assuming tr A = ±2, the only CMC hypersurfaces in RHn+1 which are mass-symmetric and of 3-type via Φ are the product
hypersurfaces
Mn = RHk
(
−k − l
k
)
× Sl
(
k − l
l
)
, k + l = n, k > l,
with the sectional curvatures of the hyperbolic and spherical factors as indicated.
Proof. (i) As seen above, when n  5 the principal curvatures are constant i.e. the hypersurface is isoparametric. In the
spherical case if ν = 1, the type is 1 or 2. If ν = 2 the product of spheres Sk(r1) × Sn−k(r2) is mass-symmetric when
r21 = k+1n+2 according to [1]. However those products are of 2-type. When ν = 3, an isoparametric hypersurface in the sphere
is one of the family given by (72). In [5] Cartan computed the connection of such hypersurface to be given by
ω21 = −
1
2
ω3
cos(θ + π3 )
, ω32 = −
1
2
ω1
cos(θ − π3 )
, ω13 =
1
2
ω2
cos θ
, θ + t = π
6
. (77)
The principal curvatures are μ1 = tan(θ − π3 ), μ2 = tan θ , μ3 = tan(θ + π3 ), corresponding to the basis of principal directions{ei}. We know from (75) that these hypersurfaces must satisfy the condition
tr(∇ei A)2 = μ4i + aμ2i + bμi + k, for every i = 1,2,3. (78)
On the other hand we compute
tr(∇ei A)2 =
∑
k, j
(μ j − μk)2
[
ω
j
k(ei)
]2
. (79)
Using (77) and (79) we ﬁnd w := tr(∇ei A)2 = 6 sec
6 θ
(1−3 tan2 θ)2 for every i = 1,2,3. Next we solve the following system of linear
equations in a,b, and k
μ4i + aμ2i + bμi + k = w, i = 1,2,3. (80)
The Gauss elimination gives
a = −(μ21 + μ22 + μ23 + μ1μ2 + μ2μ3 + μ3μ1)= −12
(
f 2 + f2
)
, (81)
b = μ1μ23 + μ21μ3 + μ1μ22 + μ21μ2 + μ2μ23 + μ22μ3 + 2μ1μ2μ3 =
1
3
(
f 3 − f3
)
, (82)
and
k = w − μ1μ2μ3(μ1 + μ2 + μ3) = w − 1
6
f
(
2 f3 + f 3 − 3 f f2
)
.
From (76) we have
a = p
2
+ 2( f2 + 1) and b = f
(
p
2
− f2 − 7
)
. (83)
One further computes, using u := tan θ , the following
a = −9u
6 − 27u4 + 63u2 + 3
(1− 3u2)2 , b =
8u(u2 − 3)
1− 3u2 , and f =
3u(3− u2)
1− 3u2 . (84)
From (81) we have a < 0 and then p/2 = a − 2 f2 − 2 < 0. On the other hand from (83) and (84) it follows, assuming
u = tan θ = 0,±√3, that p2 = bf + f2 + 7 = 133 + f2 > 0, which is a contradiction. Note that for the isoparametric family (72)
0 < t < π/3, thus −π/6 < θ < π/6, so we must have u = tan θ = 0, i.e. θ = 0, giving the Cartan’s minimal hypersurface,
which is indeed mass-symmetric and of 3-type as shown in [11,12].
If ν = 4 then, because of the restriction on multiplicities, n = 4 and the isoparametric family M4t is the one determined
by Cartan and generalized by Nomizu mentioned before. In [11,12] the author produced a suitable parametrization of these
hypersurfaces in terms of four angles α,β, θ,φ and computed the metric and Christoffel’s symbols in terms of these param-
eters. From [11] it follows that one orthonormal frame of tangent vectors (principal directions) is given by the following:
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s
∂
∂φ
,
e2 = 1√
2+ 4rs
{
− ∂
∂θ
− sinφ ∂
∂α
+ cosφ
cosα
∂
∂β
+ tanα cosφ ∂
∂φ
}
,
e3 = 1
r
{
cosφ
∂
∂α
+ sinφ
cosα
∂
∂β
+ tanα sinφ ∂
∂φ
}
,
e4 = 1√
2− 4rs
{
∂
∂θ
− sinφ ∂
∂α
+ cosφ
cosα
∂
∂β
+ tanα cosφ ∂
∂φ
}
,
corresponding respectively to the curvatures μi = cot(t + i−14 π), i.e. to
μ1 = cot t, μ2 = cot t − 1
cot t + 1 , μ3 = −
1
cot t
, μ4 = − cot t + 1
cot t − 1 , (85)
where r = cos t and s = sin t .
Furthermore using the Christoffel’s symbols given in [11] we compute the connection coeﬃcients with respect to this
basis to be
ω31(e2) = −
√
2
2(r + s) = −
1
2
sec
(
π
4
− t
)
, ω31(e4) =
√
2
2(r − s) =
1
2
csc
(
π
4
− t
)
,
ω21(e3) = −
√
2
2r
= −
√
2
2
sec t, ω41(e3) =
√
2
2r
=
√
2
2
sec t,
ω32(e1) = −
√
2
2s
= −
√
2
2
csc t, ω43(e1) =
√
2
2s
=
√
2
2
csc t,
ω41(e2) = ω21(e4) = ω42(e1) = ω43(e2) = ω42(e3) = ω32(e4) = 0,
and, by the Codazzi equation, ω ji (ek) = 0, whenever two indices are the same. Using this we can determine that the system
of equations (80) for i = 1,2,3,4 is inconsistent i.e. the constants a,b,k cannot be determined to satisfy the necessary
conditions for a 3-type hypersurface. As is well known, there is no isoparametric hypersurface M5 ⊂ S6 with 5 principal
curvatures, and thus no further examples in the spherical case.
(ii) Since Mn ⊂ RPn+1 is mass-symmetric via Φ if and only if Mˆn = π−1(Mn) ⊂ Sn+1 is mass-symmetric via Φ , (ii)
follows from (i) and the analysis in Theorem 6.
(iii) In the hyperbolic case we saw that if (tr A)2 = 4 the hypersurface is isoparametric, in this case, therefore, with
ν  2 principal curvatures. ν = 1 cannot happen since those hypersurfaces are of 1- or 2-type. If ν = 2, then M = Tnk,r =
RHk(− 1
1+r2 )× Sn−k( 1r2 ) described by (56). Let l := n− k and consider decomposition En+21 = Ek+11 ⊕ El+1, with RHk ⊂ Ek+11
and Sl ⊂ El+1. If
x = (x0, . . . , xk, xk+1, . . . , xn+2) = (x,y)
is the position vector of M in En+21 split according to (52), then
Φ(x) =
⎛
⎜⎜⎝
x20 −x0x1 · · · −x0xm
x1x0 −x21 · · · −x1xm
· · · · · · · · · · · ·
xmx0 −xmx1 · · · −x2m
⎞
⎟⎟⎠
in relation to the above splitting can be written as
Φ(x) =
(
(1+r2)Ik+1
k+1 O
O − r2 Il+1l+1
)
+
(
ΦH (x) − (1+r
2)Ik+1
k+1 −xyt
±yxt −ΦS (y) + r
2 Il+1
l+1
)
, (86)
where ΦH (x) is the standard immersion of RHk(− 11+r2 ) by projectors, ΦS (y) the second standard immersion of Sl(1/r2),
and ±yxt means take the + sign in products involving x0 and the – sign otherwise. In this decomposition, according to
(4), the submatrix in the upper left corner of the second matrix is a vector eigenfunction of RHk(− 1
1+r2 ) and thus also
of Tnk,r corresponding to the eigenvalue λ
′
2 = − 2(k+1)1+r2 and the submatrix in the lower right corner is an eigenfunction of
Sl(1/r2) and thus of Tnk,r corresponding to λ
′′
2 = 2(l+1)r2 . In other two corners the matrices −xyt , ±yxt are eigenfunctions of
Tnk,r corresponding to the sum of eigenvalues on RH
k and Sl , λ′1 + λ′′1 = − k1+r2 + lr2 . Since no two of λ′2, λ′′2, and λ′1 + λ′′1
can be equal, it follows that Tnk,r is of 3-type for every k  1 and every r > 0. However, we are looking for hypersurfaces
which are also mass-symmetric. Clearly, if all of the above three eigenvalues are nonzero then the constant part in the
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On the other hand if λ′1 + λ′′1 = 0, then Tnk,r is a null 3-type hypersurface and it is possible to change the constant part x˜0 to
I/(n + 2) and move the existing constant to be a part of the 0-eigenfunction, thus making Tnk,r a (null) 3-type hypersurface
which is also mass-symmetric according to our deﬁnition. We exploit the condition λ′1 +λ′′1 = 0 to get r2 = lk−l , k > l, which
gives exactly the product hypersurfaces in (iii). Moreover, one checks that for these hypersurfaces tr A = 2√kl = 2. 
Of course there remains the case of complete hypersurfaces in RHn+1 for which tr A = 2. It appears that these hyper-
surfaces play an interesting role, paralleling that of minimal hypersurfaces in Euclidean space. If n = 2 they are the surfaces
in RH3 which have constant mean curvature 1 and are known as the Bryant surfaces [23]. It would be of interest to study
Bryant surfaces of 3-type. However, the only properly embedded simply connected Bryant surface is a horosphere, which
is not of ﬁnite type. Thus possible examples of (embedded) 3-type Bryant surfaces are to be examined among surfaces
of higher genus. Also we do not know if there are examples of 3-type hypersurfaces in real space forms which are not
isoparametric and whether the isoparametric spherical hypersurfaces with three principal curvatures are the only examples
in spheres.
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